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WHETHER THE ADDITIVE INVERSE OF A BAD
PRIMITIVE ROOT OF P IS A PRIMITIVE ROOT OF
P27
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ABSTRACT. In this article, for any odd prime p, we prove that the
additive inverse of a bad primitive root of p is not bad only when p =1
(mod 4), and for the case p = 3 (mod 4), we estimate a primitive root

of p* from a bad primitive root of p.

1. INTRODUCTION

Let a € (Z/nZ)*, if the order of a (denoted by ordy,(a)) is ¢(n), we
say that a is a primitive root of n [3|. For any odd prime p and a natural
number ¢, Gauss proved that, if a is a primitive root of p, then there exists
an integer m such that a +mp is a primitive root of p*. Moreover, if a is a
primitive root of p*, then a is a primitive root of p* (see [1, Chapter 8]). In
the case m = 0 of Gauss’s theorem, for any odd prime p, a primitive root
of p is said to be bad if it is not a primitive root of p* [2|.

In 1974, Cohen et al. [2] analytically proved that for each € > 0, there
exists a constant P(e) such that for any prime p > P(e), the number of
bad primitive roots of p is bounded above by p%“. In 2023, Ramesh and
Gowtham [4] proved that the multiplicative inverse of a bad primitive root
of p is not bad.

A question that arises immediately is whether the additive inverse of a
bad primitive root of p is also not bad. This is not always true and can be
seen by examining the multiplicative group (Z/43Z)*. It is easy to verify
that 19 is a bad primitive root of 43 since ordy3(19) = 42 = ordys2(19),
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but the additive inverse of 19, which is 24, is not even a primitive root of
43. We may still ask: Is there a modified statement that is true? In other
words, we ask: Is the statement true if we restrict the primes to a suitable
class? We observed that if p = 1 (mod 4), then the additive inverse of a bad
primitive root of p is not bad. For the other class, namely, p =3 (mod 4),
we estimate a primitive root of p? from a bad primitive root of p. Indeed,
we have the following observation.

Theorem 1.1. Let p be an odd prime and £ be any natural number. Let a
be a primitive root of p.

(i) If p=1 (mod 4), then a or p — a is a primitive root of p’.

(i) If p = 3 (mod 4), then a or [%]p — a? is a primitive root of p’.

Proof. In order to prove this result, by Gauss’s theorem (see [1, Chapter
8]), it is enough to prove the result for £ = 2. Let a be a primitive root of
p, then necessarily p — 1 | ordy2(a). Thus, ordy:(a) =p—1 or p(p — 1).
Case 1. p=1 (mod 4).

We claim that ordy,(p —a) = p—1. For if ord,(p—a) = k < p—1, then,
since 1 = (p — a)® = (—a)* (mod p), we have k is odd, whence a?* = 1
(mod p). Now, since k is odd and p = 1 (mod 4), clearly 2k < p — 1, which
is a contradiction to a being a primitive root of p. Thus, ord,(p—a) =p—1.

Now to complete the proof, it is enough to show that if ord,:(a) = p—1,
then ord,:(p—a) = p(p—1) (or equivalently, (p—a)?~' # 1 (mod p?)). Sup-
pose that (p—a)P~! =1 (mod p?). By the binomial theorem, pa?~2+aP~! =
1 (mod p?), whence pa?~2 = 0 (mod p?). Thus, p | a?~2, a contradiction.
Therefore, we have shown that p — a is a primitive root of p?, and hence
p — a is a primitive root of p.

Case 2. p=3 (mod 4).

We claim that ordp([%hy —a?) = p—1. Clearly, 22 is odd and
((%1])—&2)%1 = (—az)z%1 = —1 (mod p), whence ordp([‘%lp—az) is even,
say k. Then, 1 = ([%Z]p—aQ)k = a?! (mod p), and since k # 1%17 it follows
that ordp([ﬁ]p— a?) = p—1. Now, we must show that if ord,2(a) = p—1,

P
then ordpz([%ﬁp —a?) = p(p — 1). Indeed, as in the proof of case 1, a

p— a2)p—1 =1 (mod p2) vields [Cg-‘pCLQ(p_Q) -0

or p | a®®P=2) which is a contradiction. This

similar argument for (

(mod p?). Thus, p |
completes the proof. (|
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Corollary 1.2. Let p be an odd prime and ¢ be any natural number. Let a
be a bad primitive root of p. Then,

(i) p=1 (mod 4) if and only if p — a is a primitive root of p’.

(1) p = 3 (mod 4) if and only if [%ﬁp —a? is a primitive root of pt.

Proof. The forward part follows from Theorem 1.1. Conversely, if p — a is

a primitive root of pf, then = 1= (p — a)p%1 = (—a)p%1 (mod p).
Thus, % is even, and hence p = 1 (mod 4). Similarly, if (‘g]p —a’?is a
primitive root of pf, then _(&)% =-1= ([%21]) — aQ)p%1 = (—az)%
(mod p). Thus, % is odd, and hence p = 3 (mod 4). O

Remark 1.3. It is easy to see from the proof of the above corollary, that
the converse of (i) follows for a primitive root of p that is not necessarily
bad and the converse of (i7) follows for any element of a multiplicative group
modulo p which is not necessarily a bad primitive root of p.
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